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Abstract 

We give explicit formulas for the intertwinors of all orders on the twistor bundle 
over S 1 x S*™" 1 using spectrum generating technique introduced in [5J. 

1 Introduction 

It was shown in [3] that one can construct intertwining operators of some represen- 
tations without too much effort when eigenspaces occur with multiplicity one. On 
the differential form bundle over 5 1 x S*™ -1 , the double cover of the compactified 
Minkowski space, some i^-type eigenspaces occur with multiplicity two. After some 
additional computation, Branson also showed spectral function for these operators. 

Intertwinors on spinors like the Dirac operator have eigenspaces with multiplicity 
one over S 1 x and explicit spectral function was given in But on twistors, 
the eigenspaces of the intertwinors including Rarita Schwinger operator have mul- 
tiplicity two on some -fT-type. In this paper, we present the spectral function for 
these operators. 

We briefly review conformal covariance and intertwining relation (for more de- 
tails, see 0, jSJ). 

Let M be an n-dimensional spin manifold. We enlarge the structure group Spin(n) to 
Spin(ra) x K + in conformal geometry. (V(A), A r ) are finite dimensional Spin(n) x 
representations, where (V(A),A) are finite dimensional representations of Spin(n) 
and \ r (h, a) = a r \(h) for h S Spin(re) and a G R+. The corresponding associated 
vector bundles are V(A) = -P Sp in(n) X A ^(A) and V r (A) = Ps P m(n)xR+ ^(A) with 
structure groups Spin(re) and Spin(ra) x R + . r is called the conformal weight of V. 
Tangent bundle TM carries conformal weight —1 and cotangent bundle T*M car- 
ries conformal weight +1. In general, if V is a subbundle of (TM)® P <g) (T*M) m <g> 
(EM)® 7- (g> (£*M)® S , then V carries conformal weight q — p, where EM is the con- 
travariant spinor bundle. 

A conformal covariant of bidegree (a, b) is a Spin(ra) x M + -equivariant differential 
operator D : V r (A) — ► Y s (a) which is a polynomial in the metric g, its inverse 
g , the volume element E, and the fundamental tensor-spinor 7 with a conformal 
covariance law 

u£C°°, g = e 2uJ g, E = e nw E, 7 = e~ w -y =>• D = e~ buJ Dfi(e auJ ), 
where ^i,{e au} ) is multiplication of e au) . 
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Given a conformal covariant of bidegree (a, b), D : V r (A) — > V s (<r), we can assign 
new conformal weig hts to get D : Y r (A) -► V s (a) whose bide gree is then (a — 
r' + r, 6 — s' + s). Calling this D again is an abuse of notation. If r' = r + a and 
s' = s + b, then D : V r+a (A) — > V s+6 (cr) becomes conformally invariant and we call 
(a + r, 6 + r) the reduced conformal bidegree of D. To see how conformal covariants 
behave under a conformal transformation and a conformal vector field, we recall 
followings. 

A diffeomorphism h : M — > M is called a conformal transformation if h • <? = e 2wh g, 
where • is the natural action of h on tensor fields. A conformal vector field is a 
vector field X with C x g = 2(^x9 for some co x € C°°{M). A conformal covariant 
D : V (A) — ► V°(cr) of reduced bidegree (a, 6) satisfies 

D{e au)h h-ip) =e bUh h-(D(<p)) and + auj x )y = (C x + bu x )D(p. 

for all 99 G r(V°(A)). Thus if D : V r (A) -»• Y s (a) of reduced bidegree (a, 6), then 

+ (a - = (^x + (b - s)u x )D^ (1.1) 

for G T(V r (A)) and D<£ G r(V s (a)). 

Note that conformal vector fields form a Lie algebra c(M, 17 ) and give rise to the 
principal series representation 

: c(M,g) ^Endr(V°(A)) by X^£ x + ^x- 

So a conformal covariant D : V r (A) — > V s (cr) of reduced bidegree (a, 6) intertwines 
the principal series representation 

for ip G T(V r (A)) and Dp G r(V s (a)). 



2 Spinors and Twistors 



Let M = S" 1 x S" 1-1 , n even, be a manifold endowed with the Lorentz metric 
—dt 2 + . 

To get a fundamental tensor-spinor a for M from the corresponding object 7 on 
S n -\ let 



-7 



j = 1,. . . ,n- 1, 



and 

' 1 
1 



a 



Since M is even-dimensional, there is a chirality operator xm , equal to some 
complex unit times a°xs , where 



xs 



xs \ 

-xs J ' 



Xs being the chirality operator on S. The chirality operator is always normalized 
to have square 1; thus (xs) 2 and (xs) 2 are identity operators, and since a°a° = 1, 
we have (a°xs) 2 = — 1- As a result, we may take 

XM = iV-To^XS- 

A spinor on M can be viewed as a pair of time-dependent spinors on S 71 ^ 1 , i.e., 

| , where ip and ip are i-dependent spinors on S 71 " 1 . But by chirality consid- 
*) _ 
eration (0), we get c = ±1 spinors: 

Recall that twistors are spinor-one-forms $a with a A( 3?A = 0. Given a chirality E, a 
twistor ^ is determined by a t-dependent spinor-one-form ipj on S"™ -1 via 

— (:)+(::)• 

where 

Furthermore, by Hodge theoretic consideration twistors on M can be decom- 
posed into three pieces 

/ -( n -l)e -SV=I 7i \ / -Hv^TTiT \ / -HV=TV^ \ 
^ -(n- 1)3^=10 7*0 / \° TiT J ^ J 

(2.2) 

3 Intertwining relation on twistors 

Consider the standard conformal vector field (003) 

T := cos p sin tdt + cos t sin pd p . 
Here /) is the azimuthal angle on S n . The conformal factor of T is 

w := cos t cos /?. 

Let ^4 = be an intertwinor of order 2r. The intertwining relation says 

0E1E]) 

^ + " r) ro) = (£ T + (| + r) tu) A, (3.3) 



4 



where Ct is the reduced Lie derivative. On a tensor-spinor with ( ^ | tensor 

w 

content, this is 

Ct = Ct + (p — 

So here (with only 1-form content), it is Ct — va. Note that we are using the con- 
vention where spinors do not have an internal weight; otherwise the spinor content 
would influence the reduction. 

Since intertwinors change chirality, we want to consider an exchange operator 

E : = a°(i{d t )e(dt) - e{dt)i{d t )) 
= q°(1 - 2e(dt)L{d t )). 

It is immediate that E 2 = Id. Because of the a factor, E reverses chirality. To see 
that E takes twistors to twistors, note that 

i(d t )e(dt) - e(dt)i{d t ) : $ A » $ A - 25 x $o ■ 

Thus 

a x {E^) x = a A a°($ A - 2<5 A °$ ) 

= -2g X0 (<Z> x ~ 2£ A °$ ) + 2a a x 5 x <S>o 
= -24»° +4 g 00 $ + 2qV$ 

2$ -l 1 
= 0, 

as desired. 

We want to convert the relation (|3.3|) for EA. So we will eventually need CtE. We 
have: 

C T E =C T {a(dt)(l -2e{dt)i{d t ))} 

= {-wa{dt) + a(d(Tt))}(l - 2e°L ) 

-2a°{e(dt)i([T, d t }) + e{d{Tt)i(d t )}. 

But 

Tt = cos p sin t, 
d(Tt) = — sin p sint dp + cos p cost dt, 
[T, dt] = — cos p cos tdt + sin t sin p d p . 

This reduces the above to 

C T E =sinta{duj)(l-2e Lo) -2smta°(e°t{Y) +e(duj)to) 

= smtsmp{-a 1 (l-2e°L )-2a (e L 1 -e 1 Lo)}. ^ ' ' 

By Kosmann ([S], eq(16)), the Lie and covariant derivatives on spinors are related 

by 

C x -Vx = -\^ [a X b] i a i h = -l(dX^) abl a 7 b . 



Note that 



and 



T\, =— cos p sint dt + cosi sin p dp, 
dT\, = 2 sin p sint dp A dt. 



dm = — Tk 
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where b,R is the musical isomorphism in the "Riemannian" metric. According to 
the above, 

Ct — Vt = — - sinpsinia^a (3-5) 

on spinors. 
On a 1-form r], 

((C T -V T )V,X) = -(t],(Ct -V t )X), 

since Ct~ kills scalar functions. But by the symmetry of the pseudo-Riemannian 
connection, 

[T,X]-V T X = -v x t. 

We conclude that 

(£ T - V T )r? = (r?,VT), 
where in the last expression, (-, •) is the pairing of a 1-form with the contravariant 

partota (0- tensor: 

((C T - V T )r ? ) A = ^V A T^. 

Combining this with what we derived above for spinors ()3.5|) . for a spinor-l-form 
$A, we have 

((£ t -V t )$)a = S^A^- -smpsintaV$ A - 

But VT a priori has projections in 3 irreducible bundles, TFS 2 , A , and A 2 (after 
using the musical isomorphisms). By conformality, the TFS 2 part is gone. We 
expect a A part, essentially w. We also found the A 2 part above, 

dT\, = 2 sin p sin tdp A dt. 

More precisely, tracking the normalizations, 

(VT b ) AM = (VT b ) (v) + (VT b ) [v] = (vug + ^dT b ) Xfl . 

Now note that 

^VaT" =(V.T'tt$) A 

= w(g^)x + U( dT \>)^ £l/ ^h 

= w<S> x + i(((dT b )oie°6 1 + (dT b ) w eh°)<Z>) x 

= m®\ + i((-2sinpsinte°i 1 + 2sinpsinte 1 i°)$)A 

= m®\ - ship sin ^((eV - e 1 l°)$)\ 

= w<&\ — ship sin i((e°ii + e 1 iq)&)\ . 



As a result, 



Ct — Vt = w — sinpsini (ho^a + e°L\ + e 1 ^) 
= : zu — ship sin 
=:w-V, 



and 

C T -V T = -V. 
An explicit calculation using (|3.4|) gives 

(£ T E)E = -2V. 

Since E 2 = Id, we conclude that 

£ T E = -2TE. 
With the above, the intertwining relation for EA becomes 



C t + (§ + r) w\EA = E (C T + (§ + r) roj A + (£ T E)A 

= EA (c T + (f - r) zu) - 2VEA, 



so that, with B = EA, 



B Vr + 



To see what P does let us define two convenient operations. 

Elpj/y/^1 \ slot 



expa 



-ZAl/\f— T 



where u = "y k ipk- 
Note that 



expa 



U atpj/y/—! 
-Eu/y/-L 



it 



Sl0t "g-i ^ y/ J 



As for the e°ti term, anything in the range of e° has a slot of 0. 



Finally, 



expa 



So 



-Hn/v 7 -! ipj ) a 1 
u Zipj/V^l J 

slot P expa : ipj h-> 



,0/0 1 

v 1 °) 

-57 1 u/v /3 T 
— 7 x u 



n/y 7 — 1 

J/ 



-S 7 Vi/v /z l 



7 Vi/v /r T-H(e 1 U ) i /^T 
Up to a factor of a complex unit, slot P expa is 



We can also get this expression by successively taking the commutator of w with 
dt and 

slot V expa : ifij ^ -j k Vki>j + T^VjVfc • 



That is, 



V 



-l[d t ,[V,w] 



Recall that V = ship sin iP. 

After some straightforward computation, we get the block matrix for T> relative to 
the decomposition {(6), {r}, [r/]} (|2.2j) as follows. 



/ n+l 
2(n - 1) 
— n 



Jo 



n-2 n-2 



:J; o 



4 (n-1) 2 T 
n — 3 

■J T 



V 







2(n- 1) 




2 I 



where Jg and J T are the Dirac eigenvalues of 9 and r on S" 1-1 , respectively and L 

is the Rarita-Schwinger eigenvalue of [rj\ on S n . 

The spectrum generating relation takes the following form: 



n 



[N, w]=2 [V T + -w 

where V* ,R V := N is the Riemannian Bochner Laplacian. Therefore the relation 
(|3.3j) becomes 



B ( -[N,w] -rm-~V-l[d t ,[V,™} 



-[N,m]+rw + EV-l[dt,[T>,w]]\B. 

(3.6) 

As explained in detail in ([H]), the recursive numerical spectral data come from the 
compressed relation of the above. 



4 Projections into isotypic summands 

Let us denote the K = Spin(2) x Spin(n)-type with highest weight 

(/)®(j,^ + <?i,. ..,!,!), 

where je^ + g + N, e = ±1, and q = or 1 , by 

V H (/,i,i + ^,...,i,|). 
An s-map from such a if -type lands in the direct sum of neighboring If -types ($\) 



Consider a H spinor 



Since (p = Zip/ we have 



Here • denotes a top entry that is computable from the bottom entry, but whose 
value is not needed at the moment. 
In addition, 



sini 



Proj j, sin t 



sin pa 



I * 




> ^ I 




I * 

> ^ I 




I * 

> ^ / 










Proj 6 sin pa 1 



where -D = 7*Vj is the Dirac operator on S n . Here a and 6 (resp., / and /') are 
abbreviated labels for the Spin(n)-types (resp., Spin(2)-types) in question. 
Note also that the compressed relations of vo between Clifford range part, twistor 
range part, and divergence part look (|2.2|) : 




Proj 



\ 



C{f} 
V M J 



(4.7) 



where C is a quantity we will compute in the following lemma. 
Note that w{6) has only Clifford range pieces, since it is made of a spinor and 
fundamental tensor-spinor on S n . On the other hand, w{t} and w[rj\ have no 
Clifford range pieces, since they are made of twistors on S n ~ l (See [21 El)- 



> 2' 2 



) and f3 = V~(f';f 



Lemma 4.1. Let a = V=(/; j, h, 
Then we have 

\/3w\ a {T} = Cba{\l3Zv\ a T} 

where 

Cba 



' 2' 



- ^) £ = ±1 



1 



\ b {T*T) \2 Jh + 2 Ja 



1, 2 1 2 J b J a n(n - 1) 



ii 



1 



J a (resp., Jf,) is the Dirac eigenvalue on Vs(j, 5, • • • , |, |) (resp., Vs(j', 3> 1 
and Xb(T*T) is the eigenvalue ofT*T on Vs{f, \ > • • • > |> §■) over S n ~ x . 



' 2 ' 2 //' 



Proof. It suffices to show for the twistor operator Ton S" 1 and cj = cos /? that 

| 6 u;| a rT = C fea • T(| b u;| a r) . 
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Let D be the Dirac operator on S" 1 . Then 

[D 2 ,uj]t = [V*V,oj]t by Bochner identity 



(V*Vw)r - 2V fc uV/ c r = (n- 1)ujt + 2 sin pV x r . 



Also 

T*(uTt) 



sin pS7\T + wV*Vr + sin pq\Dr - ^jujD 2 t 



\ ([D 2 ,lo] - (n- l)u) t + uj [D 



(n-l)(n-2) 



-^jujD 2 t by the above and Bochner identity 



\D 2 {ujt) + \uD 2 t - J^D(uDt) 



n(n— 1) 



WT. 



Therefore 
|few| a Tr 



r (w^) r * (ls " urr) ) 



Jb + 



X b (T*T) \2 " 2 a n-l 



1 re(ra- 1) 

'h'Ja : 



\bU\ a T 



□ 



Remark 1. Eigenvalues of D and T*T on S' 



n—l 



are 



With the above (|4,7|) at hand, we get 

\f,[V,V7]\ a (0) 



\/3[V,vj}\ a {r} 

\p[V,™]\a[v] = 



{V^-C ha V^){6} 
( (C ba V? 2 -V? 2 )(f) 

c ha {v^-v« 2 ){f} 

(<-^3){t} | , where 



where 



known due to Branson (^). 



(9) = \ffln\a{B) 

M = \p&\a{8} 



where 



{f } = l^rolalr} 
[v] = \p™\a{r} 



and 



? 33 ~~ ^33 ) 



{r} = \pKj\ a [r}] 

[fj] = \pm\ctM 



(4. 



Here we use subscripts to refer to the specific entries of the T> and superscripts to 
indicate where these entries are computed. 

Let us now consider the compressed relation of (jH.fiJ) between neighboring K- types. 
Case 1: Multiplicity 2^1 

a = V s (/; j, 2> • • • , 2> f ) P = V s(/';J> 2' 2' ' " ' 2' I-* " 
Note that the operator B in block form looks 

/ B 



B 



\ 



321 





-S12 





-B22 








^33 



10 



With 



\ a N\p = f A -r-{n-2) and \?N\ C 
and (|4,8|) . we get a — > (3 transition quantities 



,N\ 



a 



where 



a 



P 



Ax : 
A 2 : 
E~ 
E+ 




and 



E(f-f)Vf 2 , 

-Uf 2 



Uf 2 



n-^-r + B(/-/')(P|-P 
f)-f + r-B(/-/')(P«-P: 



337 j 
33) ■ 



In particular, we can write all 2 x 2 entries of B a in terms of B 21 and -B33: 



(E-B§ 1 -A 2 B^)/A 2 , 



5f 2 = -AxBfa/Ai , and 

B% 2 = (-A 1 B% 1 +E+B§ 3 )/E-. 



(4.9) 



Thus if we can express B 21 in terms of -B33 , we can completely determine all entries 
in the 2x2 block. 



Case 2: Multiplicity 2 



« = V s (/;j,i ...,i,£)^^ = V s (/ / ;/i 

Here we have 

l/3ivU = / ,2 -/ 2 + J fe 2 -«/ a 2 . 

So using (|4.8|) . we get the transition quantities 



1 e\ 

' 2' 2 ' 



Bl 1 B 



12 



22 



FT G 2 
G\ Cb a F 2 



F+ -G 2 
—G\ Cb a F 2 + 



n 12 



n 21 n 22 



(4.10) 



where 



F{ 


:= ^(/' 2 


-/ 2 ) + ^(^ 2 


-4 2 ) 


— r + 


H(/' 


Ft 


:= Uf' 2 


-/ 2 ) + ^ 2 


-^ 2 ) 


+ r — 


S(/' 


F 2 


■= Uf' 2 


"/ 2 ) + ^ 


- Jl) 


— r + 


S(/' 


F + 

r 2 


■= Uf' 2 


-/ 2 ) + |U 2 


- Jl) 


+ r — 




Gi 


■= E(f - 


-f){v p 2l -c ha v^) 


, and 




G 2 


:= B(/' - 


•/)(C 6a Pf 2 - 
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^22 
^22 



Therefore we get determinant quotients of 5 on multiplicity 2 part. 

Note the following diagram of neighboring multiplicity 2 isotypic summands centered 
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at Vh(/; j, \, ■ ■ ■ , \, |): 
V s (/-l;i + l,i 

V s (/-l;j,i,---,i,-|) 



' 2' 2^ 



V s (/-l;j-l 



' 2' 



' 2' 2 J 



V s (/ + l;j + l,±,---,±,§) 
V s (/ + l;j,±,---,±,-§) 
V H (/ + l;j-l,I, ■■■,!,§) 



The determinant quotients corresponding to the above diagram are: 

/ (-/+ J+l-S+r+f 5) (-/+ J+l+5+r+f 5) (/+ J+l-S+r- §5) (/+ J+l+E+r- |S) \ 
-/+J+l-S-r-§S)(-/+J+l+H-r-§S) (/+ J+l-H-r+§S) (/+ J+l+~-r+§ s) 

(-/+§-5+r- £ 5j)(-/+f+5+r- £ 5j) (/+ 1 - 5 +r-+ £ 5j)(/+f +5+r+eSj) 

(-/+§-H-r+ £ Hj)(-/+§+S-r+ £ Sj) (/+ § -H-r-eHj) (/+§+S-r-Sj) 



(-/-■7+l-5+r-f5)(-/-J+l+S+r-fS) (/-J+l-S+r+f 5) (/- J+l+B+r+|5 y 
\ (-/- J+l-H-r+f H) (-/- J+l+5-r+fH) (/- J+l-S-r- § ~) (/- J+l+H-r- § a) / 



where J = e,J a . 

And these data can be put into the following gamma function expression: 

1 r(l(/ + J + r- §5)) T (!(-/ + J + r+f~)) 
4 rQ(/ + J-r + §E))rQ(-/ + J-r-§E)) 

> r(l(/ + J + 2 + r-fS))r(i(-/ + J + 2 + r + fS)) 
# r(i(/ + J+2-r+|H))r(I(-/ + J+2-r-fH)) ' 



(4.11) 



Case 3: Multiplicity 1^1 



Q: 



(/> J) 2 > 2 ' ' ' ' ' 2 ' 2 ^ < ^ ^ = (/ > J 2 ' 2 ' 



Again we have 



And the transition quantities are 



■0 

33 ' 



where 



--) 

'2' 2 ; ' 



P" := UP ~ f' 2 ) + Wl - 4) - r + S(/ - /' )(P 3 Q 3 " ^3) ^d 
P + := ^(/ 2 - f 2 ) + Wl ~ 4) + r - H(/ - f )(P 3 Q 3 " • 

The diagram of neighboring multiplicity 1 isotypic summands centered at 



V r, • 3 1 

Vz.\J 1 J) 2 ' 2 ' 



1 £, 

' 2' 2' 



(4.12) 
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looks: 

(/ — 1 , j + 1 , 2 ' 2 ' ' 2 ' 2 ' 
' J' 2 ' 2 ' '2' 2^ 
V» (/ — 1; J — 1)2>2'""»2'2) 

And the eigenvalue quotients are: 



V~(/ + l;j + l,2,2, ,5,2, 

y=(7 + i- 7 - 3 I . . . 1 



2 ' " 2 > 



/ -/ + J+l + r + §5 / + J + l+r-f» ^ 
-/ + J+l-r-§H / + J + l-r + §H 



-/ + 4+r-eHJ / + ± + r + eHJ 



-/ + \ - r + eH J f + l-r-eEJ 



-f-J+l+T 



2" 



/-J + l+r + fH 
\ -/- J + l-r + fH /-J + l-r-fH/ 

where J = eJ a . 

Thus, following the normalization on the multiplicity 2 part, we get the spectral 
function on the multiplicity 1 part: 

Z(r;/,J,H e ) = ^ r ^ (/ + J+1 + r " |H))r ^ ( " / + J+1 + r + iH)) 



2 r(i(/ + J + l-r + §S))r(I(-/ + J + l 



§-))' 
(4.13) 



In particular, 



Z(i /, J, He) = --(/ - He J) = eig(£ft; /, J, He) 

where E1Z is the exchanged Rarita-Schwinger operator. 



5 Interface between multiplicity 1 and 2 parts 



Consider the following diagram: 

^1 (/, J, 2 ' ' ' ' ' 2 ' 2 ^ 



a2 = V s (/ + l;i + l,i ■■■ i, |) 



I 



A =V 3 (/ + 1; ■■■,§,§ 



Then (|CT7|) reads 



- /32 = V H (/;j + l,|,^,---,i,|) 
B a2 M 1 = M 2 B ai . 



So 
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Note that is a determinant quotient computed in l|4.11j) . 

From l|4.9j) . we get a relation between _B 12 and -B33: 



det 



-B21 -B22 



B11B22 — B12B22 
1 



A2E- 



We can also compare (2, 1) entries of both sides in (|4.1Uj) . Applying (|4.9() and (|4.12j) 
to the both relations, we can finally write B21 in terms of -B33 with a "big" help 
from computer algebra package. 
2x2 block on 

VsUM.1- ' " 



in terms of (3, 3) 



' 2' 2' 



is: 



/ 4CiC 2 

(n - 1)C 3 C 4 
8nEC 2 

C3C4 



-2(n - 2)EC 5 C 2 \ 
(n - l) 2 C 3 d 

— 4C5C2 C*6 



Z(r;/ + l,J,He), (5.14) 



(n-l)dC 3 C 4 d ) 



where 



d = 2fn - 2/ - 2n + 1 + n 2 + 2rn - 2r - 2EJ a , 
C 2 = 2fr + EJ a , 
C 3 = n - 1 + 2r , 

C 4 = (2/ + 2r - E + 2J a )(2/ + 2r + H - 2J a ) , 

C 5 = (n - 1 + 2J a )(n - 1 - 2J a ) , and 

C 6 = 2fn - 2f - 2n + 1 + n 2 - 2rn + 2r + 2EJ a . 

Remark 2. In particular, if r = i and (3, 3) entry 



-If 



-lEeJ 



of the exchanged Rarita-Schwinger operator is put into the above formula, we recover 
the other 2x2 entries 



n-2 



v 



n+ 1„ 



n — 1 



EeJ 



2v^TS /(n-l)(n-2) n-2 
n(n — 1) \ 4 n — 1 



n — 1 



J- 
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